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ABSTRACT: Extrudate swell is a common phenomenon
in the polymer processing. The investigation of its mecha-
nism has both scientific and industrial interest. In the study,
the swell phenomenon of LDPE flowing through annular
extrusion die is investigated by using finite element simula-
tion. The effects of die geometry on the annular extrudate
swell and on the polymer flow patterns are discussed in
detail. The rheology of LDPE is described by using visco-
elastic PTT (Phan-Thien-Tanner) constitutive model and the
corresponding material parameters are obtained by fitting
the material functions detected on a strain-controlled rhe-
ometer. The mathematical model of annular extrudate swell
is established and its finite element model is derived in the
study. A penalty method is employed to solve the extrudate

swell problem with a decoupled algorithm. The computa-
tion stability is improved by using the discrete elastic-vis-
cous split stress (DEVSS) algorithm with the inconsistent
streamline-upwind (SU) scheme. The essential flow charac-
teristics of polymer melts flowing through annular extru-
sion die with different die contraction angles, different
ratios of parallel length to inner radius, and different ratios
of outer to inner radius are then predicted by using the pro-
posed numerical method and the mechanism of swell phe-
nomenon is further discussed. VC 2010 Wiley Periodicals, Inc.
J Appl Polym Sci 117: 91–109, 2010
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INTRODUCTION

Annular flow is a common flow pattern in polymer
processing, such as blow molding, pipe extrusion,
and wire coating. When polymer melts are extruded
through out of the flow channel without any traction
force, the dimension of extrudate cross section will
be larger than that of the flow channel outlet. Such
unique phenomenon is usually called extrudate
swell or barus effect that is greatly determined by
the flow pattern of polymer melts within the mold/
die.

Many researchers have dedicated to explain this
unique phenomenon. Lodge1 firstly proposed a
theory of elastic recovery. Tanner2 presented an elas-
tic-fluid theory for die-swell in the long dies. Nickell
et al.3 implemented various finite element methods

for creeping die-swell Newtonian flows. Chang
et al.4 applied collocation and Galerkin methods to
the slit and circular die swell flows for a generalized
Maxwell fluid. Caswell and Viriyayuthakorn5 pre-
sented Newtonian and viscoelastic finite element for-
mulations with a classical displacement method.
Bush et al.6 presented planar and axisymmetric
extrusion flow analyses using both finite element
and boundary integral methods for Maxwell fluids
which involved the computation along streamlines.
Numerical simulation as a highly effective method

can well predict such complex phenomenon and
hence to explain relevant mechanism. However,
most of recent researches are still aiming at solving
supposed or simplified numerical examples includ-
ing the hypothesis of material parameters and flow
domain characteristics. It can be acceptable for the
establishment or training of numerical algorithm.
However, from an industrial viewpoint, a more rig-
orous model for practical flow problem is necessary
to capture the whole flow patterns.
In this study, the rheological behavior of a typical

engineering material LDPE flowing through out of
annular extrusion die is investigated by using nu-
merical simulation and hence to explain the swell
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mechanism. The effects of die geometry on both
polymer melts flow patterns and annular extrudate
swell are predicted and discussed in detail. The
viscoelastic flow properties are described by a differ-
ential PTT (Phan-Thien-Tanner) constitutive model7

whose rheological parameters are obtained by fitting
the distributions of material function detected on a
strain-controlled rheometer. The mathematical model
of three-dimensional (3D) annular extrudate swell of
viscoelastic fluid is established. The finite element
simulation of extrudate swell is performed and the
details of numerical schemes adopted are presented.
The penalty finite element method and a decoupled
solving method are implemented to reduce the com-
putation memory requirement. The discrete elastic-
viscous split stress (DEVSS) algorithm incorporating
the inconsistent streamline-upwind (SU) scheme is
employed to improve the computation stability. The
ellipticity of the momentum equation is improved
by the addition of a stabilization factor and the
influence of convection term in the constitutive
equation is controlled by an asymmetric weighting
function. The outlet free surface of extrudate is
determined by using the criterion of no mass pene-
tration across the free surface and it is adjusted by a
streamface-streamline method.8 The essential flow
characteristics of polymer melts flowing through out
of annular extrusion die are further investigated by
using the established mathematical model and solu-
tion algorithm. The effects of die parameters includ-
ing the die contraction angle, the ratio of parallel
length to inner radius, and the ratio of outer to inner
radius on the LDPE annular extrudate swell are dis-
cussed in detail.

MATERIAL CHARACTERIZATION

The material investigated in the study is a commer-
cial low density polyethylene (LDPE) whose density
and melt index are, respectively, 0.9292 g/cm3 and
2.2 g/10 min. An exponential PTT (Phan-Thien-Tan-
ner) constitutive model is used to capture its visco-
elastic rheological properties. The model parameters
are obtained by fitting the distributions of material
function detected on a strain-control rheometer.

The samples of the tested material are firstly pre-
pared by compression molding pellets at 180�C. The
diameter and the thickness of the samples are,
respectively, 25 mm and 2 mm. The variations of
storage modulus G0 and loss modulus G00 versus
angular frequency x are firstly obtained in experi-
mental flow with small amplitued shear oscillation.
The variations of viscosity g and the first normal
stress difference N1 versus shear rate _c in steady
shear flow are then detected on the rheometer.
In linear viscoelastic flow region, the storage mod-

ulus and the loss modulus can be written as the
function of angular frequency as follows:

G0ðxÞ ¼
Xn

i¼1

gik
2
ix

2

1þ k2ix
2
; G00ðxÞ ¼

Xn

i¼1

gikix

1þ k2ix
2

(1)

where gi is the shear elastic modulus, ki is the dis-
crete relaxation time, and n is the number of relaxa-
tion mode.
Both gi and ki are important linear viscoelastic pa-

rameters. According to the nonlinear regression
method, a six-mode relaxation time spectrum as
show in Table 1 is obtained by fitting the experimen-
tal results of storage modulus and loss modulus as
shown in Figure 1.
A single mode relaxation time is adopted in the

study and the average relaxation time k ¼ 5.743 s is
derived as follows:

k ¼
Xn

i¼1
kigiki

Xn

i¼1
giki

.
(2)

TABLE I
Relaxation Spectrum

i ki (s) gi(Pa) gi (Pa s)

1 0.001383 1575179.77 2178.47
2 0.012416 283022.03 3514.00
3 0.051122 135446.08 6924.27
4 0.214309 69492.85 14892.94
5 1.078078 30431.42 32807.44
6 8.095599 9105.95 73718.11

Figure 1 Fitting of linear viscoelastic parameters (180�C).
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As for the PTT viscoelastic model, the material
functions of viscosity g and the first normal stress dif-
ference N1 in steady shear flow can be, respectively,
written as the following function of shear rate _c

gð _cÞ ¼
Xn

i¼1

figi

f 2i þ nð2� nÞðki _cÞ2
(3)

N1ð _cÞ ¼
Xn

i¼1

2gikic
2
i

f 2i þ nð2� nÞðki _cÞ2
(4)

where the coefficient fi obeys the following:

f 2i þ nð2� nÞðki _cÞ2
n o

ln fi ¼ 2eð1� nÞðki _cÞ2 (5)

Two nonlinear viscoelastic parameters e ¼ 0.0836
and n ¼ 0.0145 can be obtained by fitting experimen-
tal results according to nonlinear regression method
as shown in Figure 2, where e is a parameter limit-
ing the extensional viscosity of the fluid and n is the
slip parameter related to the second normal stress
difference.9

MATHEMATICAL MODELING

Governing equations

According to the theory of Computational Fluid Dy-
namics, the governing equations to solve the fluids
flow problems can be obtained from the continuity
equation, momentum equation, and energy equation,
respectively, based on the conservation of mass, mo-
mentum, and energy.10 Considering the characteris-
tics of polymer melts flow in the die channel when a
successive extrusion is arrived, the hypothesis of iso-
thermal incompressible steady laminar flow is made
in the study. The governing equations for the visco-
elastic flow of polymer melts obeying PTT model
take the following form:

Continuity equation r � u ¼ 0 (6)

Momentum equation r � S�rp ¼ 0 (7)

Constitutive equation S ¼ 2gvdþ s (8)

where ! is the Hamilton differential operator, u is
the velocity vector, p is the hydrostatic pressure, S is
the extra stress tensor, gv is the newtonian-contribu-
tion viscosity, s is the polymer-contribution stress,
and d is the strain rate tensor which obeys the fol-
lowing:

d ¼ ðruþruTÞ=2 (9)

By introducing the retardation ratio b, defined as
follows:

b ¼ gp

gt

(10)

where gt ¼ gp þ gv is the total viscosity and gp

is the polymer-contribution viscosity. As for the
flow of polymer melts in the extrusion process,
the Newtonian-contribution viscosity gv is far
less than the polymer-contribution viscosity gp

(gv�gp) and hence b ¼ 1.0 is adopted in the
study.
The polymer-contribution stress s obeys the fol-

lowing equation:

ksþ gðsÞs ¼ 2bgtd (11)

where k is the relaxation time and g(s) is a stress
function following the exponential form proposed in
the original work of Phan-Thien and Tanner

gðsÞ ¼ exp
ke
bgt

trðsÞ
� �

(12)

The full PTT constitutive model based on Gordon-
Schowalter (GS) convected derivative is adopted and
s denotes the following Gordon-Schowalter con-
vected derivative operator11

s ¼ @s
@t

þ u � rs� ðru� ndÞ � s� s � ðru� ndÞT (13)

Equation (13) can be simplified into the upper
convective derivative when the parameter n of the
GS derivative is set to zero.

Figure 2 Fitting of nonlinear viscoelastic parameters
(180�C).
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Solution method

A decoupled iteration method as shown in Figure 3
is employed to solve the swell problem of visco-
elastic fluid.12 The location of the free surface as
part of the unknowns in the swell problem is
firstly assumed and initialized. The finite element
simulation is then performed for the calculation of
each field variable in the current viscoelastic flow
field.

The penalty finite element algorithm13 is
employed to solve the nonlinear system consisting
of the continuity equation and momentum equation.
The penalty factor as a function obeying kp ¼ p

r�u is
firstly introduced to avoid a direct calculation of the
hydrostatic pressure and hence to reduce the com-
putation memory requirement. The following rela-
tionship is thereby obtained as follows:

p ¼ �kpr � u (14)

Substituting eqs. (8), (10), and (14) into the mo-
mentum eq. (7), the following momentum governing
equation can be obtained:

rðkpr � uÞ þ 2ð1� bÞgtr � dþr � s ¼ 0 (15)

To improve the convergence property of the nu-
merical scheme, the DEVSS (discrete elastic-viscous
split stress) formulation14 is adopted and an elliptic-
ity factor 2g½RðuÞ � d� is introduced into the momen-
tum equation eq. (15). The following equation is
obtained:

2gr �RðuÞ þ kprðr � uÞ ¼ 2ðg� ð1� bÞgtÞr � d�r � s
(16)

where R(u) ¼ (!u þ !Tu)/2, g is a reference
viscosity.
The velocity vector is firstly solved from eq. (16)

by treating the polymer-contribution stress tensor
and the strain rate tensor as known terms

2gr � RðuiÞ þ kprðr � uiÞ
¼ 2ðg� ð1� bÞgtÞr � di�1 �r � si�1 ð17Þ

where di-1 and si-1 are, respectively, the strain rate
tensor and the stress tensor calculated with the flow
field at the previous iteration step i�1 and their ini-
tial values are derived from a viscous flow field, i is
the current iteration step of flow field calculation.
The polymer-contribution stress tensor is there-

after calculated through the constitutive equation eq.
(18) based on the velocity solution obtained from the
calculation of the momentum equation eq. (17).

k

 
ui � rsi � ðruiÞ � si � si � ðruiÞT

þ n
2

rui þ ðruiÞT
� �

� si þ si � rui þ ðruiÞT
� �� �!

þ exp
ke
bgt

trðsi�1Þ
� �� �

si ¼ bgt rui þ ðruiÞT
� �

ð18Þ

where the nonlinear term is derived from the stress
tensor obtained from last iteration step i�1.
The convergent criteria of calculation in the cur-

rent flow field are defined upon the following
requirements as eq. (19). When the relative error of
each variable is less than a set value, convergence is
considered to be achieved.

Pðui � ui�1ÞP
ui

����
���� < du;

Pðsi � si�1ÞP
si

����
���� < ds (19)

Figure 3 Flow chart of the finite element simulation.
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where du is the convergent criterion of the velocity
vector which is set to 10�4 here and ds is the conver-
gent criterion of the polymer-contribution stress ten-
sor which is set to 10�3 in the study.

In the process of extrudate swell simulation, the
velocity boundary condition is treated as a criterion
to adjust the location of free surface and only the
force boundary condition is imposed on the free sur-
face. When a convergent solution in the current flow
field is achieved, the location of free surface can be
determined by using the criterion of no mass pene-
tration across the free surface or that the normal
velocity on the free surface is zero.

The swelling free surface as show in Figure 4 is a
stream surface which can be expressed as follows:

dx

ux
¼ dy

uy
¼ dz

uz
(20)

After integration, the following equation to calcu-
late the free surface is obtained:

xb ¼ xa þ
Z zb

za

ux
uz

dz; yb ¼ ya þ
Z zb

za

uy

uz
dz (21)

The location of the free surface can then be
adjusted according to the eq. (21). The finite element
simulation is thereafter conducted in the current
adjusted flow field. The process is repeated until
the maximum coordinate difference between two iter-
ation steps is less than the tolerance defined as below

max
xj � xj�1

xj�1

����
����

� �
< dx; max

yj � yj�1

yj�1

����
����

� �
< dy

(22)

where dx and dy are, respectively, the permissible
coordinate difference of x and y coordinate values
which are both set to 0.005 in the study, j is the cur-
rent iteration step of coordinate.

Finite element formulations

The Galerkin weighting residual method is adopted
for the discretization of the momentum equation
where the weighting function is taken as the same
form as the interpretation function. The discretized
momentum equation at the elemental level is
expressed as follows:

Z
Xe
Nð2gr � RðuÞ þ kprðr � uÞÞdX

¼
Z

Xe
Nð2ðg� ð1� bÞgtÞr � d�r � sÞdX ð23Þ

After Green-Gauss transformation, the following
weak form of eq. (23) can be obtained:

Z
Xe
rNðgðruþruTÞ þ kpðr � uÞÞdX ¼Z

Xe
rNð2ðg�ð1� bÞgtÞd� sÞdXþ

Z
Se
N�ðs� pÞ � ndS

(24)

where N* is equal to the interpolation function on
the boundary force, Xe and Se are, respectively, the
element region and element boundary, and n is the
outer normal unit vector.
The discretized momentum eq. (24) is then devel-

oped in three vector components (x, y, and z direc-
tions) and the following elemental stiffness matrix
equation is obtained.

K11
ij K12

ij K13
ij

K21
ij K22

ij K23
ij

K31
ij K32

ij K33
ij

2
64

3
75

uxj
u
y
j

uzj

8<
:

9=
; ¼

Fxi
F
y
i

Fzi

8<
:

9=
; ði; j ¼ 1; 2; � � � ; 8Þ

(25)

According to the nodes superposition principle
and element connectivity, the global stiffness matrix
equation of the motion equation eq. (26) for all the
elements can be assembled after evaluating the
elemental stiffness matrix at elemental level using
eq. (25).

Knmum ¼ Fn; ðm ¼ n ¼ 3�MÞ (26)

where Knm is the global stiffness matrix of the mo-
mentum equation, um is all the nodal velocity compo-
nents, Fn corresponds to the equation residuals, and
M is equal to the number of finite element nodes.
The velocity solution will be obtained by solving

the eq. (26) after the boundary condition being intro-
duced. Based on the velocity solution, solutions of
pressure p and the strain rate tensor d can be,
respectively, derived from eqs. (14) and (9).
As for the discretization of the constitutive equa-

tion, the effect of convective term u � !s should be
well considered. When the convective term becomes
dominant as the Weissenberg number increased, the
classical Galerkin weighting residual method will
lose its optimal approximation. The inconsistent

Figure 4 Update of the free surface.
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streamline-upwind (SU) method is adopted here to
control the convective effect and an asymmetric
weighting function Wi is introduced.

Wi ¼ Ni þ ku

ðu � uÞ � rNi; ði ¼ 1; 2; :::; 8Þ (27)

where Ni is equal to the classical Galerkin weighting
function, the coefficient k is defined by the velocity
components at the element center un,ug,uf as pro-
posed by Marchal and Crochet.15

k ¼ ðu2n þ u2g þ u2fÞ1=2=2 (28)

The additional term of the weighting function
ku

ðu�uÞ � rNi is only imposed on the purely advective
term u � !s in the constitutive eq. (18) and the fol-
lowing elemental constitutive equation is obtained.

Z
Xe
Ni

�
k
�
� ðruÞ � s� s � ðruÞT þ n

�
ruþ ðruÞT
� �

� sþ s � ruþ ðruÞT
� ����

dXþ
Z
Xe
Wiðkðu � rsÞÞdX

þ
Z
Xe
Ni 1þ ke

bgt

trðsÞ
� �

s

� �
dX

¼
Z
Xe
Ni bgt ruþ ðruÞT

� �� �
dX ð29Þ

Equation (29) is then developed in three vector
components directions and the elemental stiffness
matrix equation is obtained as follows:

K11
ij K12

ij K13
ij 0 0 0

K21
ij K22

ij K23
ij K24

ij K25
ij 0

K31
ij K32

ij K33
ij 0 K35

ij K36
ij

0 K42
ij 0 K44

ij K45
ij 0

0 K52
ij K53

ij K54
ij K55

ij K56
ij

0 0 K63
ij 0 K65

ij K66
ij

2
666666666664

3
777777777775

sxxj

sxyj
sxzj

syyj

syzj
szzj

8>>>>>>>>>><
>>>>>>>>>>:

9>>>>>>>>>>=
>>>>>>>>>>;

¼

F1i
F2i
F3i
F4i
F5i
F6i

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;

ði; j ¼ 1; 2; � � � ; 8Þ ð30Þ

The global stiffness matrix equation of the consti-
tutive equation eq. (31) for all the elements is
assembled after the elemental calculation according
to the nodes superposition principle. The extra stress
tensor can be obtained by solving the global stiffness

matrix equation of the constitutive equation eq. (31)
using a direct calculation algorithm.

Knmsm ¼ Fn; ðm ¼ n ¼ 6�MÞ (31)

where Knm is the global stiffness matrix of the consti-
tutive equation, sm is all the nodal stress compo-
nents, Fn corresponds to the equation residuals, and
M is equal to the number of finite element nodes.

Experimental verification

To verify the rationality of the proposed mathemati-
cal model and numerical method, the simulated
swell ratio of LDPE flowing through a circular die is
compared with that of the corresponding experimen-
tally measured results. The experimental measure-
ment is conducted on a Haake rheometer which is a
kind of torque rheometer with multifunction to
study melts flow behaviors in polymer processing.
When being equipped with a screw, the rheometer
can be considered as a small size extruder. The
Haake rheometer equipped with a circular die of 2
mm diameter whose length to diameter ratio is
30 : 1 as shown in Figure 5 is adopted in the study
to simulate practical extrusion process of LDPE as
that in the extruder. A CCD camera is fixed out of
the die lip and the swell phenomenon of LDPE is
photographed at real time as shown in Figure 6.
A 3D simulation is conducted to predict the swell

phenomenon of LDPE flowing through out of the
circular die as depicted in the experimental mea-
surement. Material parameters obtained in the rheo-
logical test as shown in ‘‘Material Characterization’’
are adopted in the numerical calculation to describe
the viscoelastic properties of LDPE. The melts flow
in one-quarter of the symmetrical flow channel is
analyzed and the solved domain is divided into tri-
linear brick elements by means of mapping mesh
generation technology as shown in Figure 7. There is
strong singularity near the die lip where the bound-
ary condition has a sudden variation from nonslip to
free-surface and a refined mesh generation is
adopted to improve calculation stability.

Figure 5 Schematic diagram of experimental apparatus.
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The swelling ratio Sw as defined in eq. (32) under
four different volume flow rates Qv, Qv ¼ 8.814e-9
m3/s, Qv ¼ 2.061e-8 m3/s, Qv ¼ 2.551e-8 m3/s, and
Qv ¼ 3.6e-8 m3/s) is investigated both by experimen-
tal measurement and numerical simulation as shown
in Figure 8.

Sw ¼ A� A0

A0
� 100% (32)

where A is the area of extrudate cross section when
arriving flow balance and A0 is the area of die lip
cross section.

It can be found that the effect of volume flow rate
on swelling ratio is not obvious under current shear
rate and the simulated results are a little larger than
those obtained by experimental measurement. Figure
9 is the comparison of radial dimension of extrudate
near the die lip, respectively, obtained by experi-
ment and simulation (Qv ¼ 8.814e-9 m3/s). The
simulated results are found to be a little larger than
those obtained by experimental measurement. The
difference between the mathematical model and
practical processing conditions, such as the length
diameter ratio of extrusion die, the hypothesis of

nonslip, and the ignore of gravity, may cause the
deviations of simulated results. Besides, the inherent
defect of constitutive equation may be another rea-
son to cause the deviation. However, it is still diffi-
cult to quantitatively predict the field variables
directly through experimental measurement. The
proposed numerical simulation technology can be a
reasonable alternative for the investigation of com-
plex swell phenomenon like in the LDPE annular
extrusion process. It can be adopted to qualitatively
and quantitatively predict melts flow patterns and
hence to reveal material forming mechanism.

Figure 6 Measurement of extrudate swell.

Figure 7 Finite element model of the solved domain.
[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Figure 8 Comparison of swelling ratios under different
volume flow rates.

Figure 9 Comparison of swelling dimension (Qv ¼
8.814e-9).

DIE GEOMETRY EFFECT ON LDPE ANNULAR EXTRUDATE SWELL 97

Journal of Applied Polymer Science DOI 10.1002/app



MODELING OF ANNULAR EXTRUSION

Geometrical model

The annular extrusion die presented in the study is
a typical structure applied in practical polymer proc-
essing. A fully developed straight flow is firstly
formed in the adapter and then converted to the
required shape and dimension by the contraction of
the transition zone. A newly oriented flow is there-
after developed in the parallel zone. Polymer melts
experience violent shear and extension within the
extrusion die and the melts deformation history will
affect downstream flow patterns significantly. As for
the annular flow of polymer melts, parameters of
the extrusion die as shown in Figure 10 are impor-
tant factors that can influence polymer melts rheo-
logical behaviors both within and out of the die.

Boundary conditions

Only when the real boundary conditions being intro-
duced, the calculations of governing equations could
reflect practical physical phenomenon. As it is
shown in Figure 10, the annular extrudate swell
problem has the following characteristic boundaries.

On the inflow boundary, the flow is fully devel-
oped and the axial velocity can be imposed as follows
on the inlet with radial velocity being set to zero

uz ¼ 2Qv

pR02
o

1� r2

R02
o

þ 1� k2

1n 1
k

ln
r

R0
o

� � !
�

ð1� k4Þ � ð1� k2Þ2
ln 1

k

" #�1

ð33Þ

where r ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
, k ¼ R

0
i/R

0
o is the ratio of inner

to outer radius on the inlet face, Qv is the volume
flow rate. The associate inlet stress can be calculated
by submitting the velocity profile into eq. (8) along
with all of the gradient components in the primary
flow direction being set to zero.

On the die wall, the nonslip condition can be
imposed on all the velocity components as follows:

ux ¼ uy ¼ uz ¼ 0 (34)

Because of the vanishing of convective derivatives
in the constitutive equation, the stress components
can be calculated iteratively in terms of the nonzero
components of the velocity gradients.
On the free surface, both force and velocity

boundary conditions are specified with neglecting
the effects of surface tension. The tangential compo-
nent and the normal component of the traction force
incorporating the velocity normal to the free surface
are imposed as follows:

Fn ¼ Ft ¼ 0; un ¼ 0 (35)

On the downstream outflow boundary, the normal
traction force is set to zero in the absence of gravity
and surface tension with the assumption of fully
developed velocity conditions as follows:

Fn ¼ 0; ut ¼ 0 (36)

RESULTS AND DISCUSSION

According to the established numerical model and
solution algorithm, a 3D viscoelastic flow simulation
is conducted to predict the swell phenomenon of
LDPE flowing through out of the annular extrusion
die under a definite volume flow rate (Qv ¼ 2.198e-8
m3/s). A dimensionless Weissenberg number We
can be used to characterize the elasticity effects of
the viscoelastic flow and it is defined here as
follows:

We ¼ ku
t

(37)

where u is the mean flow rate in the downstream
flow channel and t is the thickness of the outlet
cross section. In this study, the numerical investiga-
tion is carried out under We ¼ 13.4 and the stable
calculations are successfully executed.
Material parameters obtained through the rheolog-

ical test, as shown in ‘‘Material Characterization,’’
are adopted in the numerical calculation to describe
the viscoelastic properties of the commercial LDPE.
The initial geometric parameters of the annular
extrusion die, as shown in Table 2, are adopted. The
flow patterns and swell phenomenon of polymer
melts flowing through out of the annular extrusion
die with different die parameters, including the die
contraction angle a, the radio of parallel length to
inner radius L/Ri, and the ratio of outer to inner ra-
dius Ro/Ri are obtained by the numerical simulation.

Figure 10 Parameters and boundaries of the annular
extrusion die.
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The essential flow characteristics of polymer melts
within the annular flow field are further investigated
by the assessments of flow velocity and flow stress
in the study.

Mesh dependency

The effects of mesh refinements on the numerical
results and the convergence of the numerical scheme
is firstly performed in the study and three mesh di-

vision schemes are carried out by means of mapping
mesh generation technology as shown in Figure 11.
The main characteristics of three mesh divisions
including the number of nodes, elements and the
degree of freedoms (DOF(u) and DOF(S)) are listed
as in Table 3.
Figure 12 is the comparison of extrudate dimen-

sion, respectively, predicted with three meshes for
the viscoelastic flow of polymer melts flowing
through out of the die channel (a ¼ 45�, L/Ri ¼ 4.0,
Ro/Ri ¼ 2.0). A similar dimension of extrudate with
different mesh divisions is found. Whereas, the
coarse mesh M1 leads to a smaller swell of the outer
radius. Almost the same predictions are found for
the more refined mesh M2 and M3. Considering the
sufficient accuracy and computationally cost-effec-
tive, we accept mesh M2 as our base mesh and all
the results to be given below are computed with the
mesh division scheme M2 unless otherwise stated.

Extrudate cross-sectional swell

As it is known that the contraction angle is an im-
portant structure parameter for the extrusion die
design. In this study, a variable die contraction angle
with definite L/Ri ¼ 4.0 and Ro/Ri ¼ 2.0 is firstly
employed. The numerical prediction of polymer

TABLE II
Geometric Parameters (unit : m)

Geometric parameter Value

Outer radius of the inlet cross section 0.004
Inner radius of the inlet cross section 0.003
Length of the adapter 0.002
Contraction angle (a) 45�

Length of the parallel zone (L) 0.004
Outer radius of the outlet cross-section (Ro) 0.002
Inner radius of the outlet cross-section (Ri) 0.001
Length of the free flow zone 0.002

Figure 11 Finite element model of the flow channel: (a)
M1; (b) M2; and (c) M3.

TABLE III
Mesh Characteristics

Mesh M1 Mesh M2 Mesh M3

Elements 432 672 924
Nodes 700 1015 1360
DOF(u) 2100 3045 4080
DOF(S) 4200 6090 8160

Figure 12 Comparison of extrudate cross-sectional
dimension with different mesh divisions (a ¼ 45�, L/Ri ¼
4.0, and Ro/Ri ¼ 2.0).
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viscoelastic flow through out of annular extrusion
die with different die contraction angles a (a ¼ 30�,
a ¼ 45�, and a ¼ 60�) is conducted to quantify the
effects of die contraction angle upon the annular
extrudate swell phenomenon.

Figure 13 shows the comparison of extrudate
cross-sectional dimension with different die contrac-
tion angles a (a ¼ 30�, a ¼ 45�, and a ¼ 60�) under
definite L/Ri ¼ 4.0 and Ro/Ri ¼ 2.0. It can be found
that both shape and dimension of the extrudate
cross section are similar to each other though differ-
ent die contraction angle is adopted. That is to say,
the variation of die contraction angle has little effect
on the annular extrudate swell. While, the extrudate
shape and dimension change a lot along the flow

path out of the die lip. Figure 14 shows the variation
of the extrudate cross-sectional dimension on differ-
ent cross sections (z ¼ 0.008204 m, z ¼ 0.009215 m,
and z ¼ 0.01 m) out of 45� contraction die. It can be
found that the inner radius of the extrudate firstly
expands and then shrinks a little, whereas the outer
radius of the extrudate keeps expanding along the
melts flow path. As for the extrudate cross-sectional
dimension, it keeps increasing until the flow balance
is arrived and the extrudate swell ratio as defined in
eq. (32) are, respectively, 9.89%, 29.85%, and 32.57%
on the three different cross sections.
Besides the die contraction angle, the ratio of par-

allel length to inner radius is another important die
parameter that influences the annular flow pattern
and extrudate swell phenomenon. Figure 15 shows
the comparison of extrudate cross-sectional dimen-
sion with different ratios of parallel length to inner
radius L/Ri (L/Ri ¼ 2.0, L/Ri ¼ 4.0, and L/Ri ¼ 8.0)
under definite a ¼ 45� and Ro/Ri ¼ 2.0. It can be
found that the swell ratio decreases from 34.75% to
23.82% with the ratio of parallel length to inner
radius increasing from 1 : 1 to 8 : 1. That is to say,
the increase of parallel length can help to reduce the
swell effects in the polymer processing.
As for the LDPE annular extrusion process, the

annular characteristic of the extrusion die can be
defined by the ratio of outer to inner radius Ro/Ri

which is also an important die parameter besides of
the die contraction angle a and the ratio of parallel
length to inner radius L/Ri. Figure 16 shows the
comparison of extrudate cross-sectional dimension
with different ratios of outer to inner radius Ro/Ri

(Ro/Ri ¼ 1.25, Ro/Ri ¼ 1.5, Ro/Ri ¼ 1.75, and Ro/Ri

¼ 2.0) under definite a ¼ 45� and L/Ri ¼ 4.0. It can
be found that the swell ratio keeps increasing with

Figure 13 Comparison of extrudate cross-sectional
dimension with different die contraction angles (L/Ri ¼
4.0 and Ro/Ri ¼ 2.0).

Figure 14 Variation of extrudate cross-sectional dimen-
sion out of 45� contraction die (L/Ri ¼ 4.0 and Ro/Ri ¼ 2.0).

Figure 15 Comparison of extrudate cross-sectional
dimension with different ratios of parallel length to inner
radius (a ¼ 45� and Ro/Ri ¼ 2.0).
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the increase of the ratio of outer to inner radius as
shown in Figure 17. This is because the larger the ra-
tio of outer to inner radius Ro/Ri is, the relative
smaller parallel length L will be achieved. The stress
cannot be well released if a larger ratio of outer to
inner radius is adopted and hence lead to a larger
swell of the extrudate. This conclusion can also
improve that relative longer parallel length help to
release stress and hence reduce the swell ratio.

Distribution of flow velocity

The whole flow patterns of polymer melts within
and out of the extrusion die can be fully understood
by the prediction of flow velocity distribution. Fig-
ures 18–20, respectively, show the comparison of ra-
dial velocity uy and axial velocity uz of polymer
melts along the flow field when the flow balance is
achieved with different die contraction angles a, dif-
ferent ratios of parallel length to inner radius L/Ri,
and different ratios of outer to inner radius Ro/Ri.
Although the variation of die parameters influences
the flow field variables in magnitude, the whole
flow patterns of polymer melts are similar to each
other. The upstream flow velocity has a concentric
distribution in the adapter and the flow of polymer
melts is relatively faster along the flow channel cen-
terline. The flow velocity keeps increasing when
polymer melts flowing through the transition zone
and the maximum flow velocity occurs near the joint
of transition zone to parallel zone. After the develop-
ing flow of polymer melts in the parallel zone, the
radial velocity uy abruptly increases when approach-
ing to the flow channel outlet and another maximum
value is achieved both near the inner wall of die lip

and near the outer wall of die lip. Meanwhile, the
radial velocity uy decreases to be zero near the flow
channel centerline and the axial velocity uz also
decreases rapidly to be redistributed in the down-
stream flow field. It can be concluded from the anal-
ysis of the flow velocity that the redistribution of
flow velocity can be an important reason to cause
the phenomenon of LDPE annular extrudate swell.
Figure 18 shows the comparison of velocity distri-

bution with different die contraction angles a (a ¼
30�, a ¼ 45�, and a ¼ 60�) under definite L/Ri ¼ 4.0
and Ro/Ri ¼ 2.0. It can be found that the maximum
axial flow velocity uz appears near the joint of transi-
tion zone to parallel zone and its values increases
with the increase of die contraction angle. The maxi-
mum radial flow velocity uy appears near the flow
channel outlet, but its value is not appreciably
affected by the variation of die contraction angle.
This is just in accordance with the illustration in
‘‘Extrudate cross-sectional swell’’ that the variation
of die contraction angle has little effect on the annu-
lar extrudate swell. Figure 19 shows the comparison
of velocity distribution with different ratios of paral-
lel length to inner radius L/Ri (L/Ri ¼ 2.0, L/Ri ¼
4.0, and L/Ri ¼ 8.0) under definite a ¼ 45� and Ro/
Ri ¼ 2.0. We can find that the increase of parallel
length have little effect on the whole distribution of
flow velocity. While, the value of radial flow velocity
ui near the flow channel outlet keeps decreasing
with the increase of the parallel length L. This is just
in accordance with the conclusion that longer paral-
lel length help to release stress and hence reduce the
swell ratio as illustrated in Extrudate cross-sectional
swell. Figure 20 shows the comparison of velocity
distribution with different ratios of outer to inner ra-
dius Ro/Ri (Ro/Ri ¼ 1.25, Ro/Ri ¼ 1.5, Ro/Ri ¼ 1.75,

Figure 16 Comparison of extrudate cross-sectional
dimension with different ratios of outer to inner radius (a
¼ 45� and L/Ri ¼ 4.0).

Figure 17 Comparison of swell ratio with different ratios
of outer radius to inner radius (a ¼ 45� and L/Ri ¼ 4.0).

DIE GEOMETRY EFFECT ON LDPE ANNULAR EXTRUDATE SWELL 101

Journal of Applied Polymer Science DOI 10.1002/app



and Ro/Ri ¼ 2.0) under definite a ¼ 45� and L/Ri ¼
4.0. As it is shown that the smaller the ratio of outer
to inner radius is designed to be, the larger the maxi-
mum flow velocity near the joint of transition zone to
parallel zone will be. Meanwhile, the radial flow ve-
locity uy near the flow channel outlet keeps increasing
with the increase of the ratio of outer to inner radius.
That is why we find that the swell ratio keeps increas-

ing with the increase of ratio of outer to inner radius
as illustrated in ‘‘Extrudate cross-sectional swell’’.

Distribution of flow stress

When flowing through the annular extrusion die,
polymer melts will experience strong shear and
extension. The resulting melts deformation history

Figure 18 Comparison of velocity distribution with different die contraction angles (L/Ry ¼ 4.0, Ro/Ry ¼ 2.0): (a) a ¼ 30�; (b) a
¼ 45�; and (c) a ¼ 60�. [Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]
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can be predicted by the investigation of flow stress
distribution. Figures 21–23, respectively, show the
comparison of shear stress Syz and normal stress Szz
along the flow field with different die contraction
angles a, different ratios of parallel length to inner

radius L/Ri, and different ratios of outer to inner ra-
dius Ro/Ri. It can be found that the shear flow
behavior of polymer melts dominated in the adapter.
When entering the transition zone, the extensional
flow of polymer melts is enhanced and the normal

Figure 19 Comparison of velocity distribution with different ratios of parallel length to inner radius (a ¼ 45�, Ro/Ri ¼
2.0): (a) L/Ri ¼ 2.0; (b) L/Ri ¼ 4.0; and (c) L/Ri ¼ 8.0. [Color figure can be viewed in the online issue, which is available at
www.interscience.wiley.com.]
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Figure 20 Comparison of velocity distribution with different ratios of outer to inner radius (a ¼ 45�, L/Ri ¼ 4.0): (a) Ro/
Ri ¼ 1.25; (b) Ro/Ri ¼ 1.5; (c) Ro/Ri ¼ 1.75; and (d) Ro/Ri ¼ 2.0. [Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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stress increases rapidly. While in the following par-
allel zone, the shear flow is enhanced and exten-
sional flow is weakened. Polymer melts experience
stronger effects of axial shear and radial extension
near the die wall than that experienced along the
centerline in the parallel flow field. The effects of
stress keep developing until the melts flow

approaches to the die lip where the distribution of
shear stress abruptly changes. The original axial
shear turns to be radial shear and its maximum
value increases a lot. Meanwhile, extension effect on
the polymer melts caused by normal stress is greatly
improved. The maximum normal stress appears
both near the inner wall of die lip and near the outer

Figure 21 Comparison of stress distribution with different die contraction angles (L/Ri ¼ 4.0, Ro/Ri ¼ 2.0): (a) a ¼ 30�; (b) a
¼ 45�; and (c) a ¼ 60�. [Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]
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wall of die lip, but it decreases rapidly near the cen-
terline of die lip. In the downstream flow field, the
stress is well distributed and the melts flow is
steady and smooth. So, the swelling phenomenon
accompanies with complex release of flow stress and
it greatly influences the rheological behaviors of
polymer melts.

Figure 21 shows the comparison of stress distribu-
tion with different die contraction angles a (a ¼ 30�,
a ¼ 45�, and a ¼ 60�) under definite L/Ri ¼ 4.0 and
Ro/Ri ¼ 2.0. It can be found that the maximum nor-
mal stress Szz occurs in the transition zone and its
value increases with the increase of die contraction
angle. The maximum shear stress Syz occurs in the

Figure 22 Comparison of stress distribution with different ratios of parallel length to inner radius (a ¼ 45�, Ro/Ri ¼ 2.0):
(a) L/Ri ¼ 2.0; (b) L/Ri ¼ 4.0; and (c) L/Ri ¼ 8.0. [Color figure can be viewed in the online issue, which is available at
www.interscience.wiley.com.]
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Figure 23 Comparison of stress distribution with different ratios of outer to inner radius (a ¼ 45�, L/Ri ¼ 4.0): (a) Ro/Ri

¼ 1.25; (b) Ro/Ri ¼ 1.5; (c) Ro/Ri ¼ 1.75; and (d) Ro/Ri ¼ 2.0. [Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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parallel zone and its value also increases with the
contraction angle increasing. So with the increase of
die contraction angle, polymer melts experience
much stronger shear and extension especially near
the joint of transition zone to parallel zone. That is
to say, the increase of die contraction angle may
cause instable flow problem and hence affect the
final products performance. As it is illustrated in
‘‘Extrudate cross-sectional swell’’ that the variation
of die contraction angle has little effect on the annu-
lar extrudate swell, so a small die contraction angle
is recommended in practical die design to ensure a
stable extrusion flow. Figure 22 shows the compari-
son of stress distribution with different ratios of par-
allel length to inner radius L/Ri (L/Ri ¼ 2.0, L/Ri ¼
4.0, and L/Ri ¼ 8.0) under definite a ¼ 45� and Ro/
Ri ¼ 2.0. It can be found that the variation of parallel
length has little effect on the value of flow stress.
While, a relative well distribution of flow stress is
achieved near the flow channel outlet with the
increase of parallel length. That is why a larger ratio
of parallel length to inner radius may reduce the an-
nular extrudate swell as illustrated in ‘‘Extrudate
cross-sectional swell’’. So, longer parallel length is
recommended in practical die design on condition
that the extrusion pressure can afford to. Figure 23
shows the comparison of stress distribution with dif-
ferent ratios of outer to inner radius Ro/Ri (Ro/Ri ¼
1.25, Ro/Ri ¼ 1.5, Ro/Ri ¼ 1.75, and Ro/Ri ¼ 2.0)
under definite a ¼ 45� and L/Ri ¼ 4.0. It can be
found that the variations of ratio of outer to inner
radius can greatly influence the polymer melts flow
pattern. As the ratio of outer to inner radius
decreases from 2 : 1 to 1.5 : 1, the maximum shear
stress Syz and normal stress Szz both increase about
four times. When the ratio of outer to inner radius
decreases to be 1.25 : 1, the maximum values of
shear stress Syz and normal stress Szz increase even
to exceed the critical stress value that will inevitably
lead to instable flow problems. So, the decrease of
the ratio of outer to inner radius can in one hand
decrease the swell ratio of extrudate, but in the other
hand increase the occurrence probability of instable
flow problems and hence cause the quality problems
of the extrudate. So, a ratio of outer to inner radius
between 2 : 1 and 1.5 : 1 is recommended in practi-
cal die design of annular extrusion.

CONCLUSIONS

The swell behavior of polymer melts flow caused by
material viscoelastic property in the polymer proc-
essing can greatly affect the dimension and precision
of the extrudate. The swell phenomenon of LDPE
flowing through annular extrusion die was predicted
by the numerical simulation technology and the
effects of die parameters were investigated in detail.

A comprehensive understanding on the LDPE annu-
lar extrudate swell phenomenon was obtained.

1. The viscoelastic behavior of a commercial
LDPE was depicted by PTT constitutive model
and the rheological parameters was obtained
by fitting the distributions of material functions
detected in simple flows executed on a strain-
controlled rheometer.

2. The mathematical model of swell phenomenon
of polymer melts flowing through out of annu-
lar extrusion die was established. A penalty fi-
nite element based on DEVSS/SU method has
been implemented for the prediction of the
swell phenomenon of LDPE annular extrusion.
The streamface-streamline method was
employed to update the free surface. Stable cal-
culation was achieved by using a decoupled
scheme.

3. The influences of annular die parameters
including die contraction angle a, the ratio of
parallel length to inner radius L/Ri, and the
ratio of outer to inner radius Ro/Ri on both the
extrudate swell ratio and the polymer melts
flow patterns were discussed in detail. It was
found that the die contraction angle have little
effect on the swell ratio, whereas the increase
of die contraction angle may cause instable
flow near the joint of transition zone to parallel
zone. The increase of the ratio of parallel length
to inner radius can help to release the flow
stress and hence to decrease the extrudate
swell ratio. It was also found that the decrease
of the ratio of outer to inner radius may cause
the decrease of the extrudate swell ratio for the
reason that a relative longer parallel length can
be obtained. According to the results of the nu-
merical investigation, an optimal design of the
annular extrusion die may be achieved by
using smaller die contraction angle, longer par-
allel length, and intermediate ratio of outer to
inner radius.

4. The distributions of flow velocity and flow
stress of LDPE melts within the annular extru-
sion die were obtained by using finite element
simulation. The characteristics of flow velocity
and flow stress were investigated and it was
found that both the redistribution of flow ve-
locity and the release of flow stress should be
the reasons for the swell phenomenon.

It is a preliminary investigation on the effect of
die geometry on the swell phenomenon of polymer
melts flowing through annular extrusion die. A fur-
ther consideration on the optimization for practical
extrusion die design will be introduced in the future
study.
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NOMENCLATURE

u velocity vector
p hydrostatic pressure
S extra stress tensor
d strain rate tensor
s polymer-contribution stress
gv newtonian-contribution viscosity
b retardation ratio
gp polymer-contribution viscosity
gt total viscosity
k relaxation time
g reference viscosity
e elasticity parameter
n slip parameter
kp penalty factor
du, ds, dx, dy convergent criterion
x angular frequency
G0 storage modulus
G00 loss modulus
Sw swell ratio
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